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Rectangular Thermal Doublers of Uniform Thickness

R. P. Bobco* and R. P. Starkovst}
Hughes Aircraft Company, Los Angeles, California

An infinite series solution is developed for the steady temperature field in a thin, rectangular region exposed to
a piecewise continuous heat flux and losing energy from exposed surfaces either by linearized radiation or true
convection. The geometry and environmental conditions approximate a spacecraft application in which a fin-
like plate (thermal doubler) is used to enhance the radiating area of an energy-dissipating electronic component
mounted in an equipment bay. A numerical example, based on typical spacecraft power and environmental con-
ditions, is used to show how the closed-form solution may be used to investigate geometrical influences. Both
direct (i.e., specified thickness, unknown temperature) and design (i.e., specified temperature, unknown
thickness) problems are examined to show how temperature and doubler thickness depend on the shape of the
heated area (‘‘footprint’’), the shape of the doubler, and the location of the footprint within the doubler bound-
aries. The numerical results indicate that the two-dimensional solution for a case with double symmetry is
bounded by the one-dimensional solutions for a circular footprint/circular doubler and a simple Cartesian
geometry. The present formulation will be useful both for the trade studies leading to a preliminary design and

as an exact solution for calibrating nodal models.

Nomenclature
A =area, m?
Bi =Biot modulus, ht;/k
b =thickness parameter, (Bif;/5,)"
C;, =constant of integration
=radiation interchange factor
= surface heat loss coefficient, W/m?2-K
=thermal conductivity, W/m-K
=length in x direction, m
=nondimensional length, £/¢,
=heat flux, W/m?
=temperature, °C or K
= overall heat-transfer coefficient, W/m?-K
=width in y direction, m
=nondimensional width, w/f;
= Cartesian coordinates, m
=doubler thickness, m
=eigenvalue, Eq. (13)
=nondimensional coordinate, y/f;
=doubler or footprint shape parameter, Eqs. (15a) and

(15b)

= footprint location parameter, Eq. (15¢)
=nondimensional coordinate, x/f;
= Stefan-Boltzmann constant, W/m?2-K*
=nondimensional temperature, [T(£,7) — T 1/(qyb;/k)
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Introduction

ASSIVE techniques are commonly used to control the

temperatures of electronic components employed in un-
manned spacecraft. Electronic equipment is usually mounted
on a shelf enclosed by spacecraft surfaces which include solar
panels, radiators, and multilayer insulation blankets. Travel-
ing wave tubes and many other temperature-sensitive elec-
tronic components have inadequate surface areas to allow
direct energy transport to heat sink regions; in such instances,
power-dissipating components are mounted to lightweight
metal sheets with high thermal conductivity to enhance the
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surface area for energy transport. The conductive metal sheet,
called a thermal doubler, is bonded to an equipment shelf to
allow energy to radiate to cooler surroundings from the ex-
posed face and/or to be conducted through the shelf for sub-
sequent radiation to suitable regions. The primary objective of
the thermal design is to maintain the temperature of the
dissipating component at or below a specified value T
(design); an important secondary goal is to minimize the
doubler mass.

The thermal design task is intricate because the problem is
multiply constrained by all of the following: 1) component
power dissipation, Q; 2) maximum allowable component
temperature, T (design); 3) component-to-doubler interface
area (‘“footprint’’), A,;; 4) maximum available doubler
(shelf) area A,; 5) footprint and doubler (shelf) shape im-
plicit in dimensions ¢ and w;; 6) footprint location within
doubler implicit in dimensions Aw and Af; 7) specified sur-
roundings, F;, T;, Uy, and T; and 8) limited selection of
thermal conductivity, k. Frequently, the constraint of
simplicity (e.g., manufacturability) is imposed also. The
design problem is so highly constrained that seldom is it ob-
vious that any design exists, much less a practical, minimum
mass design.

In industrial applications, nodal thermal models using
computer codes are commonly used to develop doubler
designs. The design proceeds iteratively by specifying a trial
doubler thickness and configuration and calculating tempera-
tures; the analytical process is repeated until acceptable tem-
peratures and masses are found. Experience has shown that
nodal models are essential to doubler design despite uncer-
tainties introduced by coarse nodal arrangements and the
potential expense of making, interpreting, and evaluating
numerous computer runs. The analysis and formulation
presented here provide an additional analytical tool for
doubler designers in the form of an exact solution to a
linearized version of the doubler field equation.

A thermal doubler is a two-dimensional fin, but the
literature of heat transfer in extended surfaces contains little
information on two-dimensional configurations comparable
to thermal doublers. References 1-3 contain sections dealing
with one-dimensional fins and geometries and boundary con-
ditions associated with pumped fluid or active thermal con-
trol systems. References 4-6 are more recent studies of two-
dimensional effects in fins, but they are concerned with
thick, straight fins and the influence of a wall structure on
the performance of a fin. Kraus et al.” and Snider and
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Fig. 1 Schematic of thermal doubler with single symmetry.

Kraus® deal with complex geometries inherent in compact
heat exchangers, but the analyses are based on one-
dimensional fins. Arpaci® presents a detailed discussion of a
radial, one-dimensional configuration comparable to a ther-
mal doubler in an example dealing with ‘‘an empty
skillet...forgotten on a hot plate.”’

The present analysis starts with a two-dimensional, steady-
state field equation in Cartesian coordinates and uses the
zonal technique of Ref. 9 to develop closed-form solutions.
The solution is obtained by linearizing the radiation?®; the ap-
proximation of linearized radiation appears to be reasonable
for applications in which the maximum doubler temperature
is not significantly higher than the immediate heat sink
temperature.

The following section contains a summary of essential
analytical details. Following the development of zonal solu-
tions, a doubler design is examined based on typical power
levels, dimensions, and environments for a current space-
craft application. The numerical results illustrate the in-
fluence of three geometrical parameters on the performance
and design of thermal doublers; the geometrical parameters
examined below are doubler shape, footprint shape, and
footprint location within the doubler boundaries.

Analysis

The geometry of the rectangular thermal doubler of
uniform thickness considered here is shown in Fig. 1. The
heated footprint occupies the central zone —/{ <x=</,
—w,; <y<w,; the area available for the doubler occupies the
region —f <x=<{;, —wy;<y=w,. The doubler and footprint
are symmetric about the Y axis. Because of the symmetry
about the Y axis, it is necessary to consider the region
0<x<4, only. A heat load of flux density g, is imposed
uniformly over the area of the heated footprint, A; =4w,{,.
The doubler is assumed to radiate energy from one surface
to surrounding surfaces at temperatures Ty, 75,...,T; and to
conduct energy from the opposite surface to a heat sink at
temperature Ty. The thickness of the doubler, §,, is substan-
tially less than the dimensions ¢, or w, and the thermal con-
ductivity k is assumed to be high so that the temperature dif-
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ference between the plane doubler surfaces is negligible.
Within this framework of assumptions, it may be found!©
that a heat balance on a differential element of volume
dpdxdy at location (x,y) leads to the two-dimensional fin
equation

il

PRT  PT J _
ks [—+—] oF, () [T - T
0 Ax? 8y2 ,; j J

+U)[T-T,] —q(x,») M

where U(x,y) accounts for conduction through a shelf and
convection from the opposite shelf surface.

q,, 0<x=f, —w<ysw

h<x=sl, —w<ysw
q{x.y)=
W) <ySW2

0, (
0<x=f
—w;<ys —w,

It is assumed that all of the energy added within the heated
footprint is lost from the surfaces and no energy is lost at the
boundaries; that is,

oT
——=0 at both x=0 and ¢,
ox
oT
a—=0 at both y=w, and —w;, 2)
'y

The numerical solution of the nonlinear field equation is
beyond the scope of most engineering design studies.
However, the field equation may be reduced to a tractable
form if 1) the mean values of &;(x,y) and U(x,y) are used,
and 2) the footprint and doubler temperatures are not
significantly different. from the radiative boundary
temperatures. These conditions allow the introduction of a
linearized radiation coefficient, #,, and an equivalent sink
temperature, T, defined by the relations

h=h,+0, T.= (kT +UT,)/h

A

J
h, = Eo

ST+ TH(T,+T,) &)

where () designates a mean value, r refers to linearized
radiation, and T, is a reference temperature in the range

T, <T,, < T(max) )]

Using Egs. (3) and (4) in Eq. (1) leads to a linear field
equation

*T T
kb, [V*a—yz] —h(T-T,)=-q(xy) ®)
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This equation is recast in nondimensional form by introduc-
ing the following nomenclature:

E=x/1;, n=y/l

&M =1T(&n)—T,1/(qel/k)
L;=0/b,

W,=w/t,, Bi=ht;/k

b? = Bity /5, q(&m)/q0=5(£)g(n)

0,L <t=1
1, —w, <ng=sw,
g(n)= 0 { Wi <=
W= —W, (6)

It may be observed that Eq. (5) is exact when the doubler
operates in a convective environment and the film coefficient
h is specified. The boundary value problem is reduced to the
expressions

9% ¢
St e~ b= ~S (Db ™
_%’_:o at £=0, 1
T
9% _0atn=w,, —W, ®)
a

Equation (7) may be solved using the separation of variables
technique. The piecewise continuous inhomogeneity requires
a three-zone solution in #%; in the ¢ dimension, the in-
homogeneity is accommodated by a Fourier series expansion.
The zonal solutions are designated as

¢ (&)= (&) =X(E)Y(n;1), - W, <n=W,
=¢, (&) =X(§)Y(n;2),

=¢3 (&) =X(§) Y (9;3), —Wy<n=—-W, (9

W, <n=W,

Temperature continuity and conservation of energy are in-
voked at n= + W,; that is,

o (5, W) =, (5, W)

and
3¢, | _ 9o,
O lewy 0 lewy
o (&, —=W)=¢3(&,—W)) (10a)
and
_"’f_l_l _ 995 (10b)
o leg-wp O lig-wy

After some mathematical manipulations, the solution is
found as

1 .
¢:(&,m) =E{L1 Yo (n50)

y _M._,_] y
E[n[1+(n7r/b)2] [COS”’TE]Yn(n,t)} an

n=1

2
+—
T
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where
Y, (m;1) =1- (Cy,cosh{,n+ Cy,sinh(,n) (12a)
Y, (n;2) = Cy,coshf, (n—W5) (12b)
Y, (1;3) = Cy,coshg, (n+ W5 1) (12¢)
& =b*+ (nr)? (13)

C,, = [sinh¢, (W, — W )cosh{, IW, | +sinhg, (W51

— W))cosh{, W,1/sinhi, (W, + 1W5 1) (14a)

C,, = —sinh{, (|W5 | — W,)sinh¢, W, /sinhg, (W, + W, 1)
(14b)
C;, =2sinh{, Wcosh¢, |W5 | /sinhg, (W, + 1 W5 1) (14¢c)
C,, =2sinh¢, W,cosht, W, /sinht, (W, + | W5 1) (14d)

Equations (9) and (11-14) completely define the temperature
at any point in the doubler.

Direct and Design Solutions

The temperature field for the doubler may be found by
specifying all of the following: gy, T, A, k, &, &, W, w,,
wjy, and 8,. Such a solution is termed the direct solution and
is useful for examining the influence of the ten parameters
on the performance of a doubler assembly. Typically, a ther-
mal designer is most interested in either the maximum or
mean temperature of the footprint. Thermodynamic con-
siderations indicate that the maximum will lie on the Y axis
within the heated footprint so that only Eqgs. (11) and (12a)
need be considered. The mean temperature of the footprint
may be defined in terms of an integral of Egs. (11) and
(12a).

Usually, the designer must solve for the doubler thickness
6, when a maximum allowable temperature is specified. That
is, the ten parameters that must be specified are q,, T, 4,
k, &, &, w;, w,, ws, and T(max). The solution of this in-
verse or design problem is more difficult because the equa-
tion for 6, is transcendental and the location of the max-
imum temperature (0,y) is unknown. In principle, two
transcendental equations must be solved to find doubler
thickness, 6,, based on the maximum temperature,
T(max)= 7(0,y). In practice, it proved to be more efficient
to use an iterative procedure to solve for both thickness §,
and location y corresponding to 7(max)= T(design).

In this study of geometrical effects on the design and per-
formance of thermal doublers, the investigation is limited to
a single value of power dissipation; fixed footprint area, 4,;
fixed doubler area, A,; a single set of specified surround-
ings, §;, T;, U, and T§; and a single value of thermal con-
ductivity. The geometrical factors examined below are 1) the
shape of the heated footprint, 2) the shape of the doubler
area, and 3) the location of the footprint along an axis of
symmetry. Three parameters are introduced to characterize
the geometrical factors:

Footprint shape parameter:

N =2w /6 =2W,/L, (15a)
Doubler shape parameter:
Ny=(wy+ lwy 1)/ =W, + W, (15b)
Footprint location parameter:
p=2(w,—w )/ (W, + lwy 1 —=2w,)

=2(W,= W)/ (M —NLy) (15¢)
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Fig. 2 Plan view of two equal-area doublers with equal-area
footprints.
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Fig. 3 Direct problem solution: variation of 7(max)=7(0,0) with
doubler aspect ratio, R=2/A; (left) true convection, h=11.4
W/m?-K (right) linearized radiation.

Doubler aspect ratio, defined as R=2/\; is convenient for
identifying the shape of doubly symmetric doublers. For ex-
ample, a square footprint corresponds to the case w;, =/, or
A;=2; a square doubler corresponds to w,+w;=2f{; or
A;=2. Double symmetry occurs if w,=w; or v=1; a
limiting location of the footprint within the doubler is
w, =w, or »=0. The shapes and locations of two different
doublers and three different footprints are shown in Fig. 2.
The manner in which A;, A;, and » influence thermal doubler
design and performance is demonstrated by considering the
following numerical example.

Numerical Example
The following conditions are based on typical thermal
doubler requirements for passive temperature control of
spacecraft electronic communication components: footprint
heat load Q=56.304 W, heated footprint area A, =103.2
cm?, doubler area A;=1651.6 cm?, environmental
temperature T, =11.11°C, linearized radiation coefficient

h,=8.535x10"% [ T*(max) +284.26)*]
X [T,(max)+284.26] W/m?-K (16)

and doubler thermal conductivity k=218.1 W/m-°C. The
study is limited to three values of the footprint shape
parameter, A, =1, 2, 4, and selected values of the doubler
shape parameter in the range 0.125=<M\;<4. The location
parameter is varied over the range 0<p<1. The dimensions
4y, &, wy, w,, and w; are completely determined by specify-
ing A,, As, A, N5, and »p. The direct problem is examined
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here by considering a doubler of thickness §,=2.032 mm to
determine how the temperature field is influenced by
geometry. For the design problem, a maximum allowable
temperature, 7(design)= T(max)=62.95°C, is postulated to
show how doubler thickness §, is influenced by geometry.

The linearized radiation coefficient is based, arbitrarily,
on the maximum doubler temperature as the reference value
[¢f. Eq. (4)]. Equation (16) postulates radiation from both
upper and lower doubler surfaces to surroundings at a mean
temperature of 11.11°C, the mean overall conductance, U,
through an equipment shelf was neglected; that is, in Eq. (3),
it was assumed that U=h=h, and T,=T, . For purposes of
comparison, some limited results are included for the case of
true convection from both sides of the doubler; the ‘“‘two-
sided”’ value, h=11.36 W/m?-°C, was chosen to provide in-
sight into the case of heat loss from both sides of A4, in-
cluding A, by natural convection to a fluid with a bulk
temperature of 11.11°C. It may be observed that the
temperature 7(max) is unknown when solving the direct
problem based on linearized radiation; an iterative process
was used to solve for T(max) and 4, simultaneously.
Calculations for true convection neglect radiation, while
those for linearized radiation omit convection.

Results

Equations (9) and (11-14) were coded for an IBM 3081
computer. Several analytical experiments were conducted to
verify the code and identify the program operating character-
istics. It was found that only 15 terms of the infinite series
were required to calculate temperatures that were precise to
eight decimal places at all locations in the doubler field. The
code was verified by comparing the infinite series solution to
the simple one-dimensional case that follows by letting L, =1
and w, =w;. A second bound was sought by comparing the
infinite series direct solution for a doubly symmetric square
footprint/square doubler (A\;=A;=2, »=1) to the one-
dimensional, axisymmetric, direct case of a circular foot-
print/circular doubler (see Appendix) operating with iden-
tical heat loads, areas, and environmental conditions. It was
found, unexpectedly, that the maximum temperatures for the
square and circular geometries were virtually identical.

Results for the direct problem are shown in Figs. 3-6.
Figures 3 and 4 apply for a doubly symmetric configuration
for which the heated footprint was maintained as a square
(\; =2) and the doubler shape was varied from a square
(\y=2 or R=1) to a long narrow rectangle (A\; =0.125 or
AR =16). The results for R=16 may be obtained from the
solution for a one-dimensional doubler. Figure 3 shows how
the maximum temperature increases in a near linear manner
as the aspect ratio increases. A comparison of Figs. 3a and
3b shows that the change in 7{(max) is less pronounced for
the case of linearized radiation than for true convection.
Results are shown for two values of thermal conductivity
which approximate the range of conductivities available in
wrought aluminum alloys.

Isotherm plots based on true convection are shown in Figs.
4 and 5 for several configurations. Comparable trends ap-
peared for linearized radiation plots, but the temperature
spread was smaller and the isotherms were farther apart.
Figure 4a shows isotherms for both square/square and cir-
cular/circular doublers of equal areas, heat loads, en-
vironmental conditions, and thickness. The maximum
temperatures were 62.99 and 62.96°C for the circle and the
square, respectively. The similarity of the two maxima and
the isotherm patterns suggests that the simple formulation
for a circular doubler serves as a good approximation for a
square doubler. All of the configurations of Fig. 4 are
doubly symmetric with a square footprint (A, =2). In Fig. 5a
the doubler is also doubly symmetric, but the heated foot-
print is a 2:1 rectangle (A, =4). It may be observed that the
doubler shape (A, =1) in Fig. 4b is identical to the doubler
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shape in Fig. 5a (A\; =4) insofar as the ¢; and w, dimensions
are interchangeable. The areas and conditions for Fig. 5 are
the same as in Fig. 3a. Note the change in the X and Y axes
in Fig. 5. In Fig. 5c, the condition has single symmetry for
A;=103.2 cm? and A, =1651.6 cm?, and double symmetry
for A;=206.5 cm? and A4, =23303.2 cm?.

Figure 6 shows the magnitude and location of the max-
imum temperature for six combinations of A, and A;. Figure
6 was developed for linearized radiation; similar trends were
found for true convection but higher maxima occur for »<1.
Table 1 contains a summary of maximum temperatures for
both linearized radiation and true convection.

Results for the design case are presented in Figs. 7 and 8
and in Table 2. Figure 7 was developed for the same doubly
symmetric configuration examined in the direct problem;
i.e., square footprint (\; =2) and 1< R =16 2>\;=0.129).
The thickness 6, is seen to increase with aspect ratio in a
near linear manner. Once again, the two curves in Fig. 7 ap-
proximate the range of thermal conductivity values available
for wrought aluminum; it is significant that doubler
thickness varies inversely as thermal conductivity.

Figure 8 shows how thickness and location of
T(max) = T(design) vary with footprint location for six com-
binations of A; and A;. It is seen that doubler thickness is
least for doubly symmetric geometries (v=1) and thickness
increases 12-18% as the footprint location is changed to
v=0.5; the increase in thickness is very marked as » ap-
proaches zero. The shift of the location of 7(max) appears
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to be influenced more by the footprint location » than by the
shape parameters A\, and \;.

Discussion

The closed-form solution given by Eags. (11-14) is quite
simple and the equations can be programmed for any of
several different personal computers. Indeed, if maximum
temperature and/or doubler thickness are the only variables
of interest, a useful doubler code can be limited to Egs. (11),
(12a), (13), (14a), and (14b). With such a code, a thermal
analyst/designer would be able to make rapid estimates of
doubler performance and mass with accuracy suitable for
most preliminary design applications.

The numerical results presented here are not intended to
be a catalog for doubler designers. Instead, the numerical
results are intended 1) to show the type of results that may
be developed from the closed-form equations, 2) to gain in-
sight into analytical relations and geometrical influences, and
3) to serve as a standard of comparison for numerical solu-
tions based on finite difference or finite element models. The
numerical results illustrate the nature of trade studies that
may be made to define a preliminary design for a doubler
application. In other design situations a designer could in-
vestigate the influence of other parameters such as the sink
temperature, T,; overall conduction coefficient, U; radia-
tion coupling factors, F;; etc. Following the definition of a
preliminary design, it would be necessary to develop a nodal
model to account for 7* radiation and nonuniformities that
cannot be accommodated by the closed-form solution.
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Fig. 6 Magnitude and location of maximum temperature for six
different doubler geometries.

An important insight found in the present study is the
relationship between radial and Cartesian one-dimensional
solutions. Equations (A7) and (A10) in the Appendix are
simple expressions that may be coded for programmable
hand calculators. These equations may be used to solve for
thicknesses, &, (radial) and &, (Cartesian); the results
developed here indicate that the thickness of a circular
doubler is virtually identical to the thickness of a
square/square (A, =A; =2, »=1) doubler of equal area and
heat load, etc. The near linear variation of thickness with
aspect ratio (Fig. 7) suggests that the thickness of a doubly
symmetric doubler may be estimated by interpolation be-
tween the radial and Cartesian one-dimensional limits.

Finally, the closed-form solution may be used as a stan-
dard for evaluating the accuracy of a nodal model. The
closed-form solution is both an approximate solution to a
design problem and an exact solution to a boundary value
problem. Numerical solutions based on nodal models also
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Table 1 Comparison of maximum temperature for true convection
h=11.36 W/m?-°C and linearized radiation (69 =2.032 mm)

True Linearized
convection, radiation,
v N\ A T(max), °C T(max), °C
0 1 2 85.41 81.98
4 96.86 90.80
2 2 82.82 79.79
4 93.71 88.26
4 2 76.41 74.38
4 86.61 82.47
0.5 1 2 65.24 64.92
4 68.84 67.94
2 2 65.89 65.48
4 69.32 68.35
4 2 64.04 63.89
4 67.27 66.62
1.0 1 2 61.75 61.92
4 64.29 64.10
2 2 62.96 62.96
4 65.29 64.96
4 2 61.76 61.92
4 63.89 63.76
§ LINEARIZED RADIATION ]
% 40} AR=2/A; Tldesign) =T (o, v) = 62.96°C ]
@ N —gp | Ag=1032 em?  T=11.11%
w -
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Fig. 7 Design problem solution: variation of doubler thickness
with doubler aspect ratio—linearized radiation.
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Fig. 8 Design problem solution: thickness and location of
T(max)—linearized radiation.
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Table 2 Summary of geometrical influence on
doubler thickness 7(design) = T(max) =62.96°C

v A As 8y, mm
0 1 2 4.50
4 6.50
2 2 4.22
4 6.10
4 2 3.51
4 5.18
0.5 1 2 2.26
4 2.72
2 2 2.31
4 2.77
4 2 2.13
4 2.51
1.0 1 2 1.91
4 2.16
2 2 2.03
4 2.26
4 2 1.91
4 2.11

provide an approximate solution to a design problem but at
a different level of approximation. The closed-form solution
given here may be used as a basis for calibrating or adjusting
a nodal model of a doubler by modifying nodal model inputs
to accommodate linearized radiation and an equivalent sink
temperature. This implies the expectation that ‘‘production
calculations” will have comparable accuracy when 7T* radia-
tion and various sink temperatures are restored.

Summary and Conclusions

A closed-form solution has been developed for a two-
dimensional, thin, extended surface with configuration and
boundary conditions comparable to a thermal doubler. The
geometry consists of a rectangular footprint within a larger
rectangular heat-loss zone. An exact solution is presented for
a steady-state, two-dimensional, partial differential equation
with a piecewise continuous inhomogeneity. For the range of
parameters investigated, the first through fifteenth terms of
an infinite series provided precision to eight decimal places.

A numerical problem was examined using a heat load,
dimensions, and environmental conditions typical of a com-
munications satellite application. During the course of a
numerical study, it was found that the solution for a doubly
symmetric square footprint/square doubler yielded virtually
the same maximum temperature as an axisymmetric circular
footprint/circular doubler of equal thickness, heat load, and
area; furthermore, it was observed that solutions for one-
dimensional radial and Cartesian doublers provide lower and
upper bounds for the maximum temperature or thickness of
a double symmetric rectangular doubler with a square foot-
print and width/height ratio greater than 1.

The range of parameters examined here was too limited to
develop a catalog of design characteristics; however, for the
range of parameters it was found that maximum temperature
or doubler thickness depends on the parameters in the
following order of importance: 1) footprint location,
2) doubler shape, 3) footprint shape. The thinnest doubler
(i.e., lowest mass) occurs for the case of double symmetry
for a 2:1 footprint in a square doubler.

The closed-form solution is quite simple and the single
symmetry, two-dimensional equations may be coded for any
of several personal computers. It is believed that the closed-
form solution will be useful for making trade studies re-
quired to define a preliminary design; however, doubler
design details required for a final design should be developed
using a finite difference or finite element nodal model. The
closed-form solution may be used as a reference to calibrate
or adjust a nodal model.
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Appendix: One-Dimensional Doublers

The geometry of a circular doubler of thickness &, consists
of a heated footprint of radius r, centered on a larger
unheated area of radius r;. The field equation for this
doubler may be expressed as

1 d < dd)) - r
— —\p——) —b2p=— Al
PR 3 ¢ 5 f(p) (A1)
where
_r _[T(p)-T.1
o= . o (p) _(q0r3/k)

Bi=hry/k, b*=Biry/8,, R,=r/r,
f(p) =1,

=0, R,<p=<l (A2)

O0<p=R,

The boundary conditions are

dp/3p=0 at p=0, 1 (A3)
A zonal solution is developed such that ¢é(o)=¢;(p),
0<p=<R,, and ¢(p)=d,(p), R, <p=1 with matching condi-
tions at p=R;:

1 (R)=¢,(R)) and ¢/ (R))=0¢;(R,) (A4

The solution for the circular doubler may be expressed as

1 "
é, (p)=ﬁ[1—cllo(bp)], 0<p=R,

C ~ -~ ~ -
é2(p) = Bj (K, (D)o (Bp)+1,(B)Ky(Bp)1, R <p=<l

(AS)

Ci=(BbR,) I, (B)K, (bR,) —K, (D)K, (bp)] /1, ()
C,= (BRI, (bR ) /I, (D) (A6)
where I,(z) and K,(z) are modified Bessel functions of the

first and second kind of order p, respectively. The maximum
temperature occurs at p=0 and has the magnitude

1
¢(max):¢1(0)27(1_cl) (A7)
4

A Cartesian one-dimensional solution may be obtained by
setting L, =1 in Eq. (11) to find

1 .
b, (1) ZE[ 1-C, gcoshby —C, ¢sinhby], — W, <n=W,

(A8)
where C,, and C,, are given by Eqgs. (14a) and (14b). The
location and magnitude of the maximum temperature are

easily found by setting the derivative of ¢,(5) equal to zero
with the result

1
¢(max)=¢1(‘fl)=§?[1‘“VC%,O_C%,o] (A9)

Equation (A9) represents the design formula for a Cartesian
one-dimensional doubler. For the doubly symmetric case,
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W, = w,, the design formula reduces to
1
¢(max)=¢, (0) ZE[I_CI'O] (A10)
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